We theoretically discuss an implementation of a Sagnac interferometer with cold atoms. In contrast to currently existing schemes our protocol does not rely on any free propagation of atoms. Instead it is based on superpositions of fully confined atoms and state-dependent transport along a closed path. Using Ramsey sequences for an atomic clock, the accumulated Sagnac phase is encoded in the resulting population imbalance between two internal (clock) states. Using minimal models for the above protocol we analytically quantify limitations arising from atomic dynamics and finite temperature. We discuss an actual implementation of the interferometer with adiabatic radio-frequency potentials that is inherently robust against common mode noise as well as phase noise from the reference oscillator.
We theoretically discuss an implementation of a Sagnac interferometer with cold atoms. In contrast to currently existing schemes our protocol does not rely on any free propagation of atoms. Instead it is based on superpositions of fully confined atoms and state-dependent transport along a closed path. Using Ramsey sequences for an atomic clock, the accumulated Sagnac phase is encoded in the resulting population imbalance between two internal (clock) states. Using minimal models for the above protocol we analytically quantify limitations arising from atomic dynamics and finite temperature. We discuss an actual implementation of the interferometer with adiabatic radio-frequency potentials that is inherently robust against common mode noise as well as phase noise from the reference oscillator. The Sagnac effect enables interferometric measurements of rotation with high precision [1] . For example, the large Wettzell laser gyroscope achieves a theoretical resolution of 10 −11 rad/ √ s [2] . Interferometers based on matterwaves instead of light promise resolution enhancement by orders of magnitude that scales with particle mass [3] , see [4] for a recent review. Despite the immense challenges in achieving similar particle flux and interferometer areas as with photons, atomic gyroscopes [5, 6] have reached performance levels that should enable applications in fundamental physics, geodesy, seismology, or inertial navigation. Atom interferometers [7] have been demonstrated with record sensitivities below 10 −9 rad/ √ s [8, 9] outperforming commercial navigation sensors by orders of magnitude. Recent experiments aim at geodetic [10] and navigational applications combining multi-axis measurements of acceleration and rotation [11, 12] . Since free falling atoms require large apparatus size, ring shaped traps and guided interferometers have been proposed [13] [14] [15] [16] and demonstrated [17] [18] [19] [20] [21] [22] for a variety of geometries and levels of sophistication, e.g., using soliton dynamics in Bose-Einstein condensates to enhance sensitivity by non-linear interactions or to prevent wavepacket dispersion [23] [24] [25] .
So far, the paradigm for matter wave Sagnac interferometry relies on DeBroglie waves and thus on free propagation of atoms either in free fall or within waveguides. However, the Sagnac effect can be expressed as a propertime difference experienced by two observers moving in opposite directions along closed paths and has indeed been measured with atomic clocks flown around Earth [26] . Inspired by this, we investigate an interferometer comprised of a single atomic clock. It uses the acquired phase shift between atoms in two different internal clock (spin) states that are each fully confined in atom traps but separately displaced. This approach offers a high degree of control over atomic motion, removing velocity dependent effects and phase front and interferometric stability requirements of laser beams. It improves con- Figure 1 : Experimental sequence depicted in an inertial frame. Starting with atoms prepared in |↓ located at θ = 0, a π/2-pulse generates a superposition of two non-degenerate internal states. Atoms in |(↑)↓ are then transported along a circular path in (anti-)clockwise direction. After a halfrevolution, a second pulse converts any phase shift into population difference, which is measured in the elementary sequence (black arrows). An extended Ramsey sequence (green arrows) can be used to achieve full common path operation. Here, the π/2-pulse at time T is extended to a π-pulse, fully inverting the atomic states. Transport is continued such that all atoms complete a full revolution before converting and measuring the phase difference at time 2T .
trol of heating from waveguide corrugations and avoids wave packet dispersion allowing for multiple revolutions. We discuss a robust Ramsey interferometer scheme, formulate quantum mechanical models for different trap dimensionalities, and investigate effects that arise from motional excitation and non-adiabatic transport.
The Sagnac effect for fully confined atoms can be depicted in an inertial frame, as seen in Fig. 1 . Two in-dependent traps, each containing atoms of rest mass m are displaced around a ring of radius r. Starting from a common angular position at θ = 0, the traps are moved along counter-propagating trajectories and recombined at multiples of the half-revolution time T . From the experimenter's point of view, who defines the trajectories, this happens on the opposite side of the ring and at the original starting point. But if the laboratory frame is rotating at angular frequency ω S , the first recombination will occur at θ = π +ω S T . In the inertial frame, the traps will therefore be displaced at different average angular speeds ω ± = π/T ±ω S , leading to a propertime difference of ∆τ p ≈ 2πω S r 2 /c 2 for the two co-moving rest frames, proportional to interferometer area. In these co-moving frames each atomic state can be described as evolving at its respective Compton frequency ω C = mc 2 /h [27, 28] , leading to a phase difference ∆(ω C τ p ) ≈ ω C ∆τ p + ∆ω C τ p for non-relativistic speeds and energies [37] . The first term, which is equivalent to the propagation phase difference in the inertial frame, leads to the Sagnac phase for a half revolution φ S ≈ 2πω S r 2 m/h, which advances any dynamical phase ∆ω C τ p ≈ ∆ET /h resulting from energy differences ∆E that can be included in the rest mass, e.g., different internal energies of two clock states. This argument shows that the Sagnac phase can indeed be measured accurately in a fully guided setting, as long as the internal energy difference is precisely known or compensated, and shifts due to confinement or external effects remain identical when observed in the two rest frames. The following will discuss a specific implementation with cold atoms.
Interferometer sequence. Our scheme requires statedependently controlled trapping potentials moved around a ring in combination with an interferometer sequence used for atomic clocks, as shown in Fig. 1 . In the elementary sequence we study here, each atom is initially trapped at θ = 0 and prepared in a superposition of two non-degenerate spin states |Ψ = 1 √ 2
(|↓ + |↑ ) by starting in |↓ and driving a resonant π/2-pulse derived from a stable reference clock. The state-dependency is then used to move atoms in state |(↑)↓ (anti-)clockwise around the ring. When the two components recombine on the opposite side, they will have acquired a relative phase difference, which is measured by driving a second π/2-pulse with an adjustable phase φ ref , converting the phase difference into population difference.
In order to remove constant perturbations of the two spin state energies or, equivalently, a constant detuning of the reference clock, a spin echo sequence can be used. The π/2-pulse at time T is extended to a π-pulse, exchanging states |↓ and |↑ , before rotating the state dependent traps in the opposite direction such that each component completes a full revolution over time 2T . As before, a final π/2-pulse converts phase difference into measurable number difference. This sequence removes the time-dependent dynamical phase, because all atoms spend half the observer's time in each spin state. While this prevents operation as an atomic clock, it does, however, not remove the path dependent Sagnac phase. This procedure also cancels effects from constant but spatially dependent energy shifts as all atoms travel the same paths in the same spin states. Due to the common path for a full revolution, dynamical phases caused by constant external acceleration, gravitation or other static potentials do not affect the measurement.
Guided interferometer models.
In the following, we analyze the effects of fully confined transport and determine conditions that allow for reliable measurements of the Sagnac phase. We neglect any interactions or mixing of the two spin states and describe the dynamics of the interferometer by a Hamiltonian of the form H =hω[Ĥ ↑ |↑ ↑| +Ĥ ↓ |↓ ↓|]. Furthermore, we assume identical shapes for the two state-dependent potentials and equal and opposite paths in the laboratory frame. For the elementary sequence shown in Fig. 1 and atoms starting in motional ground state |g , the final atomic state can be expressed using unitary evolu-
is the evolution imposed by the Hamiltonian andP (φ) describes a π/2-pulse with phase φ. The measured signal is the population difference σ z , whereσ z = |↓ ↓| − |↑ ↑|. This expression simplifies to:
Control of φ ref enables interferometer operation near maximal dependence on laboratory rotation. Accordingly, we define the (dimensionless) sensitivity or scale factor as:
One-dimensional model. First, we consider an idealised situation where the atoms are tightly confined to a ring of radius r, thus restricting the motional degrees of freedom to the azimuthal coordinate θ. Within this ring we assume that two harmonic potentials with trapping frequency ω are displaced by the experimenter in opposite directions at angular speed ω P (t). In the laboratory frame, both paths end on the opposite side of the ring at t = T , imposing the condition T 0 ω P (t)dt = π. Transforming the Hamiltonian to a state-dependent rotating frame that keeps both potentials stationary leads to:
where we introduced η ↑(↓) = +(−)1 and dimensionless parameters τ = ωt, Ω S = ω S /ω, Ω P (τ ) = ω P (τ )/ω and R = r/x ho with x ho = h/mω being the harmonic oscillator length. The Hamiltonians in Eq. (3) describe forced harmonic oscillators whose unitary time-evolution operators can be expressed in the form of displacement operatorsÛ
) via the Magnus expansion [29] . We do not provide here the rather lengthy explicit expressions of displacement α ↑(↓) and phase φ ↑(↓) . Substituting the evolution operators into Eq. (1) yields the population difference after the interference step at time T (see Fig. 1 ):
which consists of two factors. The first one is the contrast C 1D = e −|∆α| 2 /2 , which depends only on the final relative coherent displacement of the two spin components ∆α = α ↑ − α ↓ = √ 2r/x ho T 0 ω P (t)e −iωt dt. The second factor is the oscillatory part of the signal which indeed depends on the Sagnac phase φ S = 2πmr 2 ω S /h. This result shows that the Sagnac phase difference accumulated by the atoms remains independent of the temporal profile ω P (τ ) of the path taken. However, the interferometer contrast, and therefore the signal's sensitivity to rotation is reduced if the final states of the two components are no longer in the ground state of the trap but (symmetrically) displaced. Any choice of temporal path that does not contain Fourier components at the trapping frequency, i.e., for which T 0 ω P (t)e −iωt dt = 0, will achieve maximum contrast by ensuring that the two wavepackets overlap completely and appear stationary, i.e. ∆α = 0. The maximum speed at which this can be achieved is in principle only limited by the maximum potential energy at which the harmonic oscillator approximation for the confining potentials remains valid. Two-dimensional model. The one-dimensional model is oversimplified due to the assumption of an infinitely strong radial confinement. In any practical implementation non-negligible radial forces will occur which depend on the rotational speed and which are, in particular, different for the two spin states when Ω S = 0. To understand how these inevitable effects impact on the operation of the Sagnac interferometer we consider an exactly solvable two-dimensional model in which atoms are held in the isotropic and harmonic oscillator potential:
As in the one-dimensional example, both spin components travel in opposite directions. Spin-dependent trap motion is introduced usingθ(t) = t 0 du[ω S +σ z ω P (u)]. It turns out that a particularly simple analytical description of the system is achieved by introducing the operatorŝ
The Hamiltonian is then given by:
where we used the same dimensionless quantities as in Eq. (3). After transforming into an interaction picture using the transformationŴ =Ŵ +Ŵ− withŴ ± = e ∓σzi ωT 0 dτ ΩP(τ )Â † ±Â ± the problem separates into linearly forced harmonic oscillators. For the elementary sequence of the interferometer protocol we perform a half-rotation of the two traps in opposite directions. As before, this imposes the condition θ P (ωT ) = π on the angular displacement of the potentials in the laboratory frame
After the interference step at time T (see Fig. 1 ) the interferometer signal is given by:
which depends on the phases:
and the contrast coefficients:
As an example, we show the sensitivity of the twodimensional interferometer in Fig. 2 for a ring of radius R = 10 (harmonic oscillator lengths) and for different values of the rotational speed Ω S . The results were obtained for a temporal path of constant speed (flat-top profile), i.e., Ω P (τ ) = π/ωT for 0 < τ < ωT . For slow path speeds (ωT ≫ 1) the sensitivity approaches the adiabatic value
For increasingly faster cycles non-adiabatic effects, i.e., the sloshing motion of the atomic wavepackets in the individual traps due to sudden acceleration, give rise to oscillations in the sensitivity. In the extreme case (non-overlapping wavepackets at time T ) the sensitivity approaches zero. Conversely, times of maximum overlap result in peaked sensitivity and are found at the approximate times ωT k = (2k+1)π/(1+Ω S ) for integer k ≥ 1. As shown in the inset of Fig. 2 , sensitivities at these times are close to or even larger than the adiabatic limit Σ ad for small Ω S . As before, in principle this permits fast, i.e., non-adiabatic operation of the interferometer.
The data moreover shows that larger Ω S as well as short operation times can result in higher sensitivity, caused by the interplay of three different effects. First, larger centrifugal forces lead to increased effective radius R eff and enclosed interferometer area. While this is the only effect in the adiabatic limit with R eff = R/(1 − Ω 2 S ), it leads to non-linearly increasing sensitivity beyond the simple Sagnac effect due to rotation dependent area. Note, that for |Ω P | + |Ω S | > 1 the centrifugal force overcomes the harmonic confinement and atoms become untrapped. Second, for non-zero Ω S , the two spin components experience different centrifugal forces and acquire a phase difference from different potential energy in their respective traps, depending on their relative radial motion. Third, the interferometer contrast depends on the laboratory rotation. Overall, the most transparent situation is encountered at Ω S = 0, where the optimum phase reference angle is φ ref = ±π/2 and the contrast coefficients are equal (C + = C − ). Here, similar but not identical to the one-dimensional case the contrast is maximised and independent of Ω S by choosing a path such that ωT 0 dτ sin(θ P (τ ))e iτ = 0.
Finite temperature. Finally, we consider interferometer operation with thermal states. We can use GlauberSudarshan distributions of the density matrix in terms of coherent states ρ = d 2 ǫp(ǫ)|ǫ ǫ| for each oscillator. For temperatures Θ well above the degeneracy temperature we find the distribution function p(ǫ) = hω/(πk B Θ)e −hω|ǫ−αg| 2 /kBΘ [30] . A technical detail is the appearance of off-sets α g in the exponent. A state that is prepared in the laboratory frame appears displaced due to our definition of operators in the inertial frame. In the one-dimensional case we have α g = iRΩ S / √ 2, see Eq. (3). Here, we obtain the thermal signal:
where σ z is the zero temperature result, see Eq. (4). The behaviour in the isotropic two-dimensional model is essentially identical but with the contrast dependent on the relative displacement in two dimensions. This shows that finite temperatures result in unchanged interferometer signals, if motional excitation of the traps is avoided or cancelled after trap recombination (∆α = 0). Otherwise, the zero-temperature reduction in contrast from imperfect state overlap is amplified. This is equivalent to a white light interferometer, where the required precision of wave packet overlap is given by the coherence length. E.g., for the one-dimensional case, a final relative displacement ∆x that is purely spatial, i.e., for equal momenta and ∆α = mω/2h ∆x , the thermal contrast for high temperature can be expressed in terms of thermal wavelength λ Θ = h/ √ 2πmk B Θ and harmonic oscillator length x ho :
Experimental implementation with dressed potentials. A suitable scheme to implement the required statedependent transport of atomic clock states has been described recently [31] , which uses radio-frequency (rf) fields to control atomic motion [33] [34] [35] . Interferometry with such rf potentials has already been demonstrated [36] . In the proposed scheme, circular waveguides are generated by using a cylindrically symmetric ring of zero magnetic field, produced by four coaxial current loops, and dressing it with rf fields of appropriate polarisation. We suggest to use magnetically trappable clock states of alkali atoms, e.g., 87 rubidium [32] , which have a nearly vanishing differential Zeeman shift and thus see almost identical ring potentials. State-dependence, which arises from equal but opposite g-factors of the two clock states, can be introduced in the azimuthal θ-direction by a single, linearly polarised rf-field, whose direction of polarisation defines the recombinations points. Separation, guiding, and recombination of traps are simply driven by phase changes of this field, which maintains the symmetry of the traps and their transport apart from field imperfections. Additional robustness can be derived from the fact that the described potentials generate two stacked circular waveguides simultaneously, which differ in the direction of the underlying static field. This provides the opportunity to operate two closely spaced interferometers simultaneously, driven by the same rf-fields and reference clock but operating in opposite rotational senses. A differential measurement can then be used to reveal the Sagnac phase but remove phase noise from the required reference clock and symmetry breaking offsets.
Conclusion & Outlook. We have demonstrated that an atomic Sagnac interferometer can be implemented with fully confined atoms, at finite temperature, enabling new designs of compact devices. Beyond the principal effects discussed here, actual implementations will need to take into account and optimise effects resulting from interatomic collisions, corrugations and noise of trapping potentials, and interplay of thermal motion and finite length spin operations. Optimal control of atomic motion should allow for fast and robust interferometer operation which could in principle achieve sensitivity to rotation beyond the standard Sagnac effect.
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